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Abstract. Will J. Merry computed Rabinowitz Floer homology above Mane's critical value 
in terms of loop space homology in [iJ] by establishing an Abbondandolo-Schwarz short exact 
sequence. The purpose of this article is to provide an alternative proof of Merry's result. 
We construct a continuation homomorphism for symplectic deformations which enables us 
to reduce the computation to the untwisted case. Our construction takes advantage of a 
special version of the isoperimetric inequality which above Mane's critical value holds true. 



1. Introduction 

Rabinowitz Floer homology as introduced in [3] is the semi-infinite dimensional Morse 
homology associated to Rabinowitz action functional. Critical points of Rabinowitz action 
functional are Reeb orbits on a fixed energy hypersurface of arbitrary period. Rabinowitz 
Floer homology vanishes if the energy hypersurface is displaceable, however, we have the 
following non- vanishing result. 

Theorem 1.1 (Abbondandolo-Schwarz [I], Cieliebak-Frauenfelder-Oancea |5j). Assume N 
is a closed manifold. Denote by ST*N the unit cotangent bundle of N in the cotangent bundle 
T*N which is endowed with its canonical symplectic structure. Then in degree * ^ 0, 1 

RFH, (S r W .r W) = {Hi(f^ )i |:>J; 

In degree we have 

( H (if^)eH 1 (^), if 

KFH.q(ST*N, T*N) = I H (J&?#) H 1 ^), if c = and e{T*N) = 0, 

{ H 1 ^), if c = and e(T*N) / 0. 

In degree 1 we have 

( Hi(J2ft)eH°(J2ft), if c^O, 

RFH'f (ST* N, T* N) = < Hi(JS$) H°(J2$), if c = and e(T*N) = 0, 

[ Hi(J2$), if c = and e(T*N) ^ 0. 

Here, Jz?at is the free loop space of N and is the connected component of Jzfjv of homotopy 
type c and RFH C ( ST* N, T*N) is the Rabinowitz Floer homology for the Rabinowitz action 
functional restricted to ££j.*n- Moreover, all homology groups are taken with ^-coefficients. 

An interesting result of Will J. Merry tells us that this theorem continuous to hold in the 
presence of a weakly exact magnetic field for high enough energy levels. On the cotangent 
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bundle r : T*N — > N of a closed Riemannian manifold (N,g), we consider an autonomous 
Hamiltonian system defined by a convex Hamiltonian 

Hu{q,p) = \\p\ 2 + U{q) 

and a twisted symplectic form 

U3 a = UJQ + T*a. 

Here ojq = dp A dq is the canonical symplectic form in canonical coordinates (q,p) on T*N, 
\p\ denotes the dual norm of a Riemannian metric g on N, U : N — > M is a smooth potential, 
and cr is a closed 2-form on N. This Hamiltonian system describes the motion of a particle 
on N subject to the conservative force —VU and the magnetic field a. We call the symplectic 
manifold (T*N,u} a ) a twisted cotangent bundle. 

In order to state Will J. Merry's results we need the term of Mane critical value. Let (M, g) 
be the universal cover of (M,g). Let a G f2 2 (M) denote a closed weakly exact 2-form, which 
means that the pullback a G $7 2 (M) is exact. 

Definition 1.2. Let a G 2 (iV) be a closed weakly exact 2-form. Then the Mane critical 
value is defined as 

c = c(g, a, U) := inf sup Hu(q, O q ), 

where Jz? CT = {6 G f2 1 (M) | ci0 = 5} and is the lift of Hjj to the universal cover. 

In this article, we restrict our attention to the case of c < oo i.e. a G Q 2 (N) admits a 
bounded primitive. For given k G R, we let S fc := H^} l (k) C T*iV. Then the dynamics of 
the hypersurface changes dramatically when k is passing through c. If k > c then is 
virtual restricted contact, and Rabinowitz Floer homology is well-defined. All these things are 
investigated in [6]. The following theorem was conjectured in [6] and proved in [9] by using 
the Abbondandolo-Schwarz short exact sequence. 

Theorem 1.3 (Merry [9j). Under the above assumptions if k > c(g,o~,U), then in degree 

* ¥= o, i 

RFH,(£ fe ,T iV,^) - | H -.+l (jSfjv)j , < o. 
7n degree 0, 1 we /iawe the same result as in Theorem \l.l\ 

The aim of this article is to give an alternative proof of the above theorem by constructing 
an explicit isomorphism between RFH(Sfc, T* N, coq) and RFH(Sfc, T* N, u a ) and then use the 
untwisted version, namely Theorem |l.l| The explicit isomorphism is given by the continuation 
homomorphism for the symplectic deformation r i— >• uj ra with r G [0, 1]. 

Theorem 1.4. Under the above assumptions, if k > c{g,a,U) and uJo,co a G n^? g (£&) then 
there is a continuation map 

^ : RFC*(£ fc , Wo ) -> KFC^ k ,u a ) 

which induces an isomorphism 

: RFH,(S fc ,w ) -> RFH*(S fc , 
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One of our motivation for considering an alternative proof of Merry's result is that the 
continuation homomorphism can be used to compare spectral invariants between two different 
magnetic fields, we refer to [2] for a discussion of spectral invariants in Rabinowitz Floer 
homology. We plan to discuss this in more detail in a further paper. 

The question of invariance under symplectic perturbation is also an important issue in 
symplectic homology, we refer to the paper by Ritter [13] . In view of the long exact sequence 
between symplectic homology and Rabinowitz Floer homology established in [5] we expect 
interesting interactions of this paper with the approach followed by Ritter. 

2. Continuation homomorphism in Morse and Floer homology 

2.1. Morse homology. Let (M,g) be a closed Riemannian manifold and / : M — > K a 
Morse function. We recall that the Morse chain complex CM,(/) is the graded Z2-vector 
space generated by the set Crit(/) of critical point of /. The grading is given by the Morse 
index = ^Morsc of /. The boundary operator 

0:CM*(/)->CM„_i(/) 

is defined on generators by counting gradient flow lines. Indeed assume that a Riemannian 
metric g on M satisfies the following transversality condition. Stable and unstable manifolds 
with respect to the negative gradient flow of V/ = V 5 / intersect transversaly, that is, W s (x) iti 
W u {y) for all x,y G Crit(/). Then the moduli space 

M{x-,x+) := {x : R ->• M \ d s x{s) + V/(x(s)) = 0, lim x(s) = x±} 

s— >±oo 

is a smooth manifold of dimension dim _M(x_, x + ) = — fi(x + ). Moreover, R acts by 

shifting the s-coordinate. If x_ ^ x + , the action is free and we denote the quotient by 

M(x-,x + ) := M(x-,x+)/R. 

Moreover, if fi(x-) — = 1 then Ai(x-, x + ) is a finite set. Then we can define the 

differential d = d(f, g) as a linear map which is given on generators by 

dx_ := #2M(x_,x + )x + , 

mO-)-mO+)=i 

where, #2 denotes the count of a set modulo 2. It is a deep theorem in Morse homology that 
the identity 

dod = 

holds, see [16J for details. Then 

HM*(/,£) :=H*(CM.(/),d(/,< 7 )) 

is the Morse homology for the pair (/, g). Moreover, HM t (/,g) equals the singular homology 
H*(M) of M. In particular, HM(/, g] is independent of the choice of Morse-Smale pair (/, g). 

The independence of HM(/, g) of Morse-Smale pair (/, g) can be shown directly using the 
continuation homomorphism which is constructed in the following way. For two Morse-Smale 
pairs (f±,g±) we choose T > and a smooth family {f s , g s }seR of functions f s : M — > E and 
Riemannian metrics g s such that 

f _ j /- for s < — T _ j g- for s < — T 

I /+ for s > T 9s ~ \ g+ for s > T. 
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For critical points x± £ Crit(/±), we consider the moduli space 

M(x-,x+) = N(x_,x + ; f s ,g s ) :={i:R->M d s x(s) + V 9a f s (x(s)) = 0, lim x(s) = x±}. 

s— >±oo 

A homotopy (f s ,9s) is called regular if the moduli space Af(x-,x + ) is a smooth manifold of 
dimension dimAA(x_, x+) = fi(xJ) — fi(x+). A generic homotopy is regular. Moreover, in the 
special case f a = f— = /+ and g s = g_ = g + we have the identity 

Af(x-,x+) = M{x-,x+). (2.1) 

If n(x-) — fJ,(x+) = the space N(x_,x + ) is compact. In order to verify that we need to 
prove a uniform energy bound of x £ Af(x-,x+) as follows 



/CO 
\\d s x(s)\\lds 
-co 

(VgJ s (x(s)),d s x(s)) ga ds 



■oo 



(2.2) 



-oo 

OO J />oo 



df s (x(s))d s xds 

-f-fs{x(s))ds+ I f s (x(s))ds 

_ 00 US J —oo 

< IIZ-lloo h- IIZ+lloo h- 2r||/«||oo- 

Then we define a linear map 

Z = Z{f s ,g s ) : CM*(,/L) CM*(/+) 

x- H> # 2 N(x-,x + )x + . 

:r + GCrit(/ + ) 

We denote 5± := d(f±,g±). In the same manner as 9 o 3 = 0, one proves in Morse homology 

Z od- = d+o Z, 

see [16J. In particular, on homology level we obtain the map 

Z:HM,(/_, 5 _) ->HM,(/ + , 9+ ) 

which is called the continuation homomorphism. By a homotopy-of-homotopies argument, 
it is proved that Z is independent of the chosen homotopy (f s ,gs), see [16J. Moreover, the 
continuation homomorphism is functorial in the following sense. If we fix three Morse-Smale 
pairs (f a , 9a), (fb,9b), and (f c ,9c) we denote the corresponding continuation homomorphisms 
by Z h a : HM„,(/ a , g a ) — > HM Jf (/ft, eft) and similarly Z^ and Z?. Then we have the following 
identity 

Z% = Z$oZ\. 



Now consider the case f s = f a and g s = g a . By (2.1), we get #2AA(x_, x+) = 1 if x_ = x + 
and #2A/"(x_,x + ) = for the other cases. Hence we obtain the following identity 

Z a a = idHM* (/„,<?„)■ 
In particular, we conclude that Z\ is an isomorphism with inverse Z£. 
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x\=- v/(z,) 



y 

; 



w 

Figure 1. A flow line with cascades 

2.2. Morse-Bott homology. Let M be a compact manifold and (f,h,g,g°) be a Morse- 
Bott quadruple. The Morse-Bott quadruple consist of a Morse-Bott function / on M, a Morse 
function h on Crit(/), a Riemannian metric g on M and a Riemannian metric on Crit(/). 
We assume that (h, g°) satisfies the Morse-Smale condition, i.e. stable and unstable manifolds 
intersect transversally. For a critical point c on h, let ind f(c) be the number of negative 
eigenvalues of Hess(/)(c) and ind ft (c) be the number of negative eigenvalues of Hess(/i)(c). 
We define 

ind (c) := ind /^(c) := ind f(c) +ind/ l (c). 
Definition 2.1. For c\, C2 G Crit(/t), and m G N a /Zow line /rom c\ to C2 wi^/i m cascades 

(x,T) = {(Xk)l<k<m, (*fc)l<fc<m-l) 

consist of Xfc G C°°(R, M) and ifc G R> := {r G R : r > 0} which satisfy the following 
conditions: 

(1) x k G C°°(R, M) are nonconstant solutions of 

Xk = -V/(x fc ). 

(2) There exists p G (ci) and q G W^^) such that lim s _ s ._ 00 xi(s) = p and lim^oo x m (s) = 

(3) For 1 < k < m — 1 there are Morse flow lines y k G C°°(R, Crit(/)) of h, i.e. solutions 
of 

ij k = -Vh(y k ), 

such that 

lim x k (s) = y k (0), lim x fc +i(s) = j/ fc (t fc ). 

s— >oo s— >— oo 

We denote the space of flow lines with m cascades from c\ to C2 G Crit(/i) by 

M m (ci,c 2 ). 

The group M m acts on M m (ci, c-i) by time shift on each cascade, i.e. 

X k (s) H> X k (s + Sfc). 
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We denote the quotient by 

M m (c 1 ,c 2 ). 

We define the set of flow lines with cascades from c\ to c 2 by 

M(c 1 ,c 2 ):= \J Mm(ci,c 2 ). 

me N 

For a pair (/, h) consisting of a Morse-Bott function / on M and a Morse function h 
on Crit(/), we define the chain complex CM*(/, h) as the Z2-vector space generated by the 
critical points of h graded by the index. More precisely, CMfc(/, h) are formal sums of the 
form 

e= E & c 

ceCrit(h) 
ind (c) — k 

with ( c g Z2. For generic choice of the Riemannian metric g on M, the moduli spaces of flow 
lines with cascades M(c\, c 2 ) is a smooth manifold of dimension 

dim M(ci, c 2 ) = ind (ci) — ind (c 2 ) — 1. 

If dimM.(c\,c 2 ) = 0, then M(ci,c 2 ) is finite. We define the boundary operator 

d k :CM k (f, /i) -> CM fc _i(/, /») 

as the linear extension of 

d k c= Yl #2M(c,c')c> 

ind(c')=fe-l 

for c G Crit(/t) with ind (c) = The usual gluing and compactness arguments imply that 

dod = 0. 

This defines homology groups 

m^(f,h,g,g°) :=R*(CM.(f,h),d(f,h,g,g )). 

In the Morse-Bott situation, we can also show that the Morse-Bott homology is independent 
of the choice of the Morse-Bott quadruple. First take two regular quadruples (f-,h-,g-,g^_) 
and (/+, h + , g + , g+ ). Choose a smooth family of quadruples {(f s , h s , g s , <7s)}<jsR such that 

f /_ for s < -T _ ( g_ for s < -T 

h ~ \ /+ for s>T 9s ~\ g + for s > T. 



h- for s < —T o _ f for s < — T 

fe+ for s > T 9s ~ \ g% for s > T. 

For ci G Crit(/t_), C2 G Crit(/i + ), we consider the following flow lines from c\ to c 2 with m 
cascades 

(x,T) = ((Xk)l<k<m, (tk)l<k<m-l) 
for Xfc G C°°(R, M) and G M> which satisfy the following conditions: 
(1) Xk are nonconstant solutions of 

X k {s) = -Vgjk(x k ), 

where 

/_ for 1 < k < mi 
fk= { fs for k = mi + 1 

/+ for mi + 2 < k < m 
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and 



fjk 




1 < k < mi 
A; = mi + 1 
m-i + 2 < k < m. 



(2) There exists pi € W^_(ei) and £>2 £ W% (02) such that linis^-oo 
lim^oo x m (s) = p 2 - 

(3) For l<k<m — l,yk are Morse flow lines of /i, i.e. solutions of 



pi and 



VgOhkiVk 



and 



where 



lim Xfc(s) = yfc(O), 



lim = ?/ fc (tA 



and 





for 


1 < k < mi — 1 


< h s 


for 


k = mi 


{ h + 


for 


mi + 1 < k < m — 1 


( 9°- 


for 


1 < k < mi — 1 


« s2 


for 


k = nil 


I # 


for 


mi + 1 < k < m — 1. 



For a generic choice of the data, the space of solutions of (1) to (3) is a smooth manifold 
whose dimension is given by the difference of the indices of ci and C2. If ind (ci) = ind (02) 
then this manifold is compact. In order to verify this we need to prove a uniform energy 
bound of time-dependent cascades as in the Morse case. Since a cascade consists of several 
negative gradient flow lines (xk)i<k<m, (yk)i<k<m-i, it suffices to show that the energy of 
each (time-dependent) gradient flow line are uniformly bounded. This is guaranteed by the 
argument of (2.2) in the Morse situation. 

We define a map 

Z = Z(f,h,g,g°) : CM, (/_,/»_) CM,(/ +J /i+) 
as the linear extension of 

Zc.= #2-M(c_,c + )c+ 

c_L_eCrit(/i_|_) 

ind (c_|_ )— ind (c_ ) 

where c_ G Crit(/i_). Standard arguments as in the Morse case show that Z induces isomor- 
phisms on homologies 



Z : HM»(/_ ) L, 9 . ) /) -> HM,(/+, h+, g+, g° + 



This proves that Morse-Bott homology is independent of the choice of a Morse-Bott quadruple. 
We refer to Appendix A in [7j, for details. 
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2.3. Floer homology for Hamiltonian deformation. Let (M, uj) be a symplectically as- 
pherical closed 2n-dimensional manifold which means that uj\ W2 fM) = 0- Let H : S 1 x M — > M 
be a time-dependent Hamiltonian on M and Ht = H(t,-) 6 C°°(M,M). The Hamiltonian 
vector field Xjj t is defined by 

dH t = -i Xh u. 

An almost complex structure Jt on M is uj- compatible if (•,-) := uj(-,Jf) is a Riemannian 
metric Vi G S . Let .if be the component of contractible loops on M. The Hamiltonian 
action is 

A H : ^° -> R 



A H (x):=[ x*oj- I H{t,x(t))dt, 

Jo2 Jo 



where x is an extension of x to the unit disk. Since we consider only contractible loops such 
an extension exists and because w\k 2 (m) = the action functional does not depend on the 
choice of the filling disk. A positive gradient flow line v : M x S 1 — > M of Ah satisfies the 
perturbed Cauchy-Riemann equation 

d s v + J(t,v)(d t v-X H (t,v)) = 0. (2.3) 

Formally a positive gradient flow line v £ U C°° (M, «Sf )" is a solution of the "ODE" 

d s v - VA H {v(s)) = 0. 

According to Floer, we interpret this as a solution of the PDE, v £ C°°(IR x S l , M) satisfying 



(2.3). 



2.3.1. Sign and grading conventions. The Conley-Zehnder index ncz(x] r) £ Z of a nondegen- 
erate 1-periodic orbit x of Xh with respect to a symplectic trivialization r : x*TM — > S 1 xl 2n 
is defined as follows. The linearized Hamiltonian flow along x with r defines a path of symplec- 
tic matrices <I>t, t G [0, 1], with $o = id and f»i not having 1 as its spectrum. Then ncz(%', t) 
is the Maslov index of the path <E>t as defined in |14} [T5] . For a critical point x of a C 2 -small 
Morse function H the Conley-Zehnder index with respect to the constant trivialization r is 
related to the Morse index by 

HCZ(X; T) =n- //Morsel)- 

We have the following identity 

^czOc; r') = iM C z{x; t) - 2ci([t'#t]), 

where c\ is first Chern class and r means opposite orientation of r. If c\{M) = we obtain 
integer valued Conley-Zehnder indices for all 1-periodic orbits. Without any hypothesis on 
ci(M) we still have well-defined Conley-Zehnder indices in Z2 and all the following result hold 
with respect to this Z2-grading. 

2.3.2. Floer homology. Let V(H) be the set of 1-pe riod ic orbits of Xh- Given x± £ V(H) 



we denote by A4(x-,x+) the space of solutions of (2.3) with lim s _ s .-|- 00 v(s, t) = x±(t). Its 
quotient by the M-action so ■ (s,t) := (s + so,i) on the cylinder is called the moduli space of 
Floer trajectories and is denoted by 

M{x-,x + ) := M(x-,x + )/R 
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Assume now that all elements of V(H) are nondegenerate. Suppose further that the almost 
complex structure J = (Jt), t G S 1 is generic, so that A4(x_, x+) is a smooth manifold of 
dimension 

dimX(x_,x + ) = ncz(x-) - /x C z(z+) - 1. 
The boundary operator dk : CFfc(iJ) — > CFfc_i(i?) is defined by 

dx := ^ #2M(y,x)y. 

MCz(i/)=fc-l 

It decreases the action and satisfies d o d = 0. Hence we can define Floer homology 

FH*(if) = H*(CF.(#),3). 

Note that (CF*(iJ), d) depends on additional data, namely the Hamiltonian H, the symplectic 
structure oj, and the almost complex structure Jt- 



2.3.3. Continuation map. Now we show that FH*(i7) only depends only on the underlying 
manifold M. Take two different time-dependent Hamiltonians H-,H+ G C co (S 1 x M), and 
choose T > and a smooth family of Hamiltonians H s : S 1 x M — > K with s£R such that 



F_ for s < —T 
H+ for s > T. 



Now take two different almost complex structures Jt-, Jt,+> an d a smooth family of almost 
complex structures Jt s such that 



Ji 



t,s 



Jt — for s < — T 
Jt 4. for s >T. 



The continuation map between two different time-dependent Hamiltonian 

C?+ :CF*(.H_)-»CF.(#+) 
is given by counting positive gradient flow lines v G "C°°(M, Jz? )" of 



^.fl-.(a?)= / x*oj- I H s {t,x(t))dt 
Jd 2 Jo 



(2.4) 



where, t> G C°°(IR x 5 1 , M) is a solution of 

d s v + J t 4v)(d t v-X Hs (v)) = 
lim s _^ ±00 u(s) = u± G Crit4ff±- 

For critical points v± G Crit«4.H ± , we consider the moduli spaces 

J\f H± (v-,v + ) =J\f H:t (v-,v + ;H s ) = {v : R x S 1 -> M | w satisfies (jg^}. 

If /Ucz('f-) = Mcz(^+) the space J\fn ± (v-,v + ) is compact. A crucial ingredient for the com- 
pactness prove is, as in the Morse case, a uniform energy bound for v G A/jj ± see [15J 



10 



YOUNGJIN BAE AND URS FRAUENFELDER 



for details. The uniform energy bound is given by 



\j t ds 



I 



oo 

00 d 



/oo 
\\d s v( t 
-00 

(V J ^A H Ms)),dsv(s)) As ds 

/oo 
A Hs (v(s))ds 
-00 

/OO f'\ 
/ H s (t,v(s,t))dtds 
-oo JO 

<AhJv+)-Ah_{v-) + 2T max \H a (t,x)\, 

se[-T,T] 

(t,x)es 1 xM 

where || • || j t s is given by /J cu(-, Jt, s -)dt. Then we can define a linear map 
C,h1 = Ch + AH s ) : CF„(#_) -> CF,(fT+) 

Mcz( 1, -)=' i cz(''+) 
which induces a homomorphism on homology level, 

ChI :FH*( J ff_)^FH*(i7+). 

The resulting homomorphism is independent of the choice of the homotopy H s and J tjS by 
a homotopy-of-homotopies argument, similar as in the Morse situation. By functoriality, we 
conclude that is an isomorphism with inverse . 

Now consider the special case, where Hamiltonian H = is the zero Hamiltonian. Then 



A H {x) = A (x) = / 
Jd 2 



X UJ 



is the symplectic area functional which is Morse-Bott and 

Crit^lo = {x G | x is a constant loop} = M. 

This implies that 

FH*(0,/) = HM*(/)^H*(M), 

where / : M — > R is an additional Morse function on the critical manifold Crit^lo — M. Note 
that H*(M) is the singular homology of M which only depends on M. Hence we conclude 
that Floer homology does not depend on additional structures like u, H, and Jt- 

2.4. Floer homology for symplectic deformation. In the previous subsection, we have 
seen that Floer homology is independent of the symplectic structure. In this subsection, we ask 
if this fact can also be seen directly by constructing a continuation homomorphism between 
two symplectic forms. So far we can only construct the continuation homomorphism for 
symplectic deformations under additional assumptions on the symplectic structures. Different 
from the case of Hamiltonian deformations, it might be necessary to subdivide the symplectic 
deformations in a sequence of small adiabatic steps. 
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Let (M, g) be a 2n-dimensional closed Riemannian manifold with two symplectic forms uiq, 
oj\. Suppose that (M,u s ) is a family of symplectically aspherical closed manifolds, where 
oj s = sw\ + (1 — s)ojq for s 6 [0, 1]. Then we want to construct a continuation map 

^»:CF*(wd)->CF*( W i) 

which induces an isomorphism on homology level. In order to state and prove our result we 
need the term of the cofilling function. 

Definition 2.2 (Gromov [8], Polterovich [12]). Let a 6 Q 2 (M) be a closed weakly exact 
2-form, then the cofilling function is 

u a (s) : [0,oo) — > [0, oo) 



u a (s) = u aj g ;X (s) = inf sup \0 z \g, 
9££f a z£B x (s) 

where =§f CT = {9 £ J2 1 (M) | d6> = 5} and ^(s) be the s-ball centered at x £ M. 

Remark 2.3. If we choose another Riemannian metric g' on M and a different base point 
x' € M then we can check that u at g iX ~ Ua,g',x'- 

Lemma 2.4 (Quadratic isoperimetric inequality). Let (M,g) be a closed Riemannian mani- 
fold with closed weakly exact 2-form a G f2 2 (M). If lio-(t) < i, then the quadratic isoperimetric 
inequality holds, 

/ v*a<C (l(v) 2 + 1) 

JO 2 

where l(v) = f gl \d t v(t)\ g dt, v : D 2 -> M is an extension of the contractible loop u : 5" 1 — )• M 
to the unit disk, and C = C(M,g, a). 

Proof. Since u a (t) < t, we can choose a 1-form 6 £ ,2^ which has linear growth on the 

universal cover. Let v : D 2 — > M be the lifting of v and set # ma x(^) = max \Q z \g- Note that 

2ei)(5 1 ) 

^max(«) = max |0 Z | s 
z&iS 1 ) y 

< max 10 Jg- 
zeB x (i(v)) 

< 2 U(T (l(v)) 



/ ~ <? ^ / < 5 and 5 < /, /< ff <^3C>0 such that /(a) < C(t?( S ) + 1), Vs G [0, oo). 
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for some C = C(M,g,o~) G M + . The last inequality uses the fact u a (t) < t. Then we get 



v a 



v a 



v dO 



< 



(v)l(v) 



<^(l{vf + l(v)) 

<C{l{vf + l) . 

Let us denote the constant C as the isoperimetric constant. 

Definition 2.5. Let M 2n be a closed manifold with a time-dependent Hamiltonian H 
S 1 x M — > M.. A pair (too, wi) is called a continuation pair on (M, ii") if 

• (M, uj s ) is a symplectically aspherical closed manifold Vs G [0, 1], 
where w s = wo + so", cr = uj\ — ujq; 

• Aj s = Ah,cj s : — >■ M is Morse, for generic s G [0, 1] and s = 0, 1; 

• *v(*) < t. ' 



□ 



Remark 2.6. Let us apply Lemma |2.4| to the continuation pair (ojq,uji) on M. First set 

uj s = ojq + f3(s)a, o- = u)\ — ua 

where f3(s) G C°°(M, [0,1]) is a cut-off function satisfying (3(s) = 1 for s > 1, /3(s) = for 
s < and < /3(s) < 2. Then we get 



w*(w s - w ) 



< 



v a 



\d t v(t)\dt) +1 



Note that C/3(s) is continuous and C(3(s) = for s < 0. Let us denote the function Cf3(s) as 
the isoperimetric constant function. 

Theorem 2.7. Let M 2n be a closed manifold with a time- dependent Hamiltonian H : S 1 x 
M — > R. If (ojq,uji) is a continuation pair on (M, H) then there is a continuation map 



which induces an isomorphism 



: CF*M -»• CF*(wi) 



^:FH*(wo)-^FH*(wi). 



Proof. First recall the definition of the action functional 



•4ff,u>0c) = / - / 

JB 2 JO 



H(t,x(t))dt, 
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where x : D 2 — > M is an extension of the contractible loop x to the unit disk. By the Morse 
condition in the definition of the continuation pair (ojq,u)i), we know that ujq^oji G f2 symp (M) 
are nondegenerate symplectic forms. This means that every fixed point x G Fix^^. is 
nondegenerate, where 4^^. ■ M — > M is the time-l-map for the flow of the non-autonomous 
Hamiltonian vector field X u , 



H • 

Let us consider 



as in Remark 2.6 We choose further almost complex structure J s j for uj s . For technical 
reasons, we now subdivide oj s into sufficiently small pieces. Let {uj 1 }^L be a subdivision of 
oj s satisfying 

• u* = uj + d(i)a, where = d(0) < d(l) <■■■ < d(N) = 1; 

• A H ^i : Jz^° -> R is Morse, Vi = 0, 1, . . . , JV; 

• C(M, g, (d{i + 1) - d{i))a) < 1/8, Mi = 0, 1, . . . , N - 1, 
where C is the isoperimetric constant. 

The above 2nd condition is guaranteed by the generic Morse condition for the continuation 
pair (wo,wi). By Remark 2.6, we can assume the 3rd condition. 

Let oj], = ui l + (3(s)(oj z+l — ui l ) be a homotopy between ui l and ui l+1 . Now consider v : 
M. x S 1 — > M satisfying the gradient flow equation 

d s v + J S)t {v)(d t v - X#(t,v)) = 0, (2.5) 

and the limit condition 

lim v(s,t) = v-(t) G Crit^l^^i lim v(s,t) = v + (t) G CritAjj u^ 1 ■ (2-6) 

s— >— oo ' s— >+oo 

We then want to define a map 

: CF fe (u/) CF fc (^ +1 ) 



given by 



Here, 



Mcz(«+)=fc 



.M,,_,« + (wW +1 ) = {v :Rx S 1 ^ M \ v satisfies ([2^, (|2.6|}. 

Because d s is symplectically aspherical Vs G E, there is no bubbling. So it suffices to bound 
the energy E(v) = \\d s v \\^ds of v G C°°(R x S' 1 ,M) in terms of u_, i>+ where, ||-,-|| s is 

the L 2 -norm defined by Jq 1 w s (-, J s -)dt. We first compute 

/oo 
||d s v|| 2 ds 
-oo 
oo 

{d s v,VA HtU i(v)) s ds 

/oo 

/oo 
A H ,ui{y)ds. 
-oo 



-oo 

00 d 



, ds 
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So we need to consider the following 



< m 



oo 
oo 



—* ( ,1+1 



V (u 



UJ 



ds 



< I P{a)C[ I i \d t v\sdt ) ds + C 



For some C = C(M,g,(d(i + 1) — d{i))a). Here \-,-\ s is the norm on M induced by the 
Riemannian metric u s (-,J s -). From the equation (2.5), we get 



d t v = J(s,v)d s v + X^f(v). 



(2.7) 



By putting the above equation (2.7) into the isoperimetric inequality, we obtain 
A H , w i{v)ds < y°° $(s)C (J^\d t v\ s dt\ ds + C 

/oo 
P(s)\\d t vf s ds + C 
-oo 
oo 



C / /3(s) <J a (u)d s u + X%(v), J s (v)d s v + X%(v)) s ds + C 



<2 



< 2C 



d 8 v\\jds+ / 2(J s a^,^ s (^)} s ^+ / 
<||a.«H2+||x^W||j 
■1 IC I \\<Lo\\Us + 4C I \\X^(v)\\ 2 s ds + C 



+ C 



J 



o 



< AC E(v) +AC d + C, 



where d 6 M is choosen satisfying H-^ 8 ('y)lls < d . This is possible by the compactness of M. 
Thus we get 

E{v) < A H ,ui+i(v+) - A H ,A V -) + *Cd + C+4C E{v). 



Since C = C(M,g, (d(i + 1) — d(i))a) < |, we finally obtain 

E(v) < d' + -E(v) 
E(v) < 2c". 

Now we define the continuation map from ojq to U)% by juxtaposition 

: CF(^o) -> CF( W1 ) 



1+1 

By a standard argument in Floer homology theory, each commutes with the boundary 

operators of the Floer chain complex. This implies that also interchanges the boundary 
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operators. Hence we get an induced homomorphism 

:FH(M,a;o) ->FH(M, Wl ). 

In a similar way we can construct 

: FH(M,wi) -> FH(M,wo), 
by following the homotopy backwards. By a homotopy-of-homotopies argument, we conclude 
o = id F H(Af,w ) and *<^o ° = id FH(Af,wi)- Therefore is an isomorphism with 



inverse $f%° . □ 



Remark 2.8. In the proof of Theorem 2.7 the quadratic isoperimetric inequality is essential. 
One can check that if u Ul -u (t) ^ t, the above proof does not work anymore. 

3. RABINOWITZ FLOER HOMOLOGY 

3.1. RFH for the cotangent bundle endowed with its canonical symplectic form. 

In this section, we consider the cotangent bundle (T*N,ujq = dAii OU ) of a closed Riemannian 
manifold (N,g) where Ai; ou = pAdqis the Liouville 1-form for canonical coordinates (q,p) E 
T*N. On the exact symplectic manifold (T*N, Aii ou ), the Liouville vector field X is defined 
by lxWq = Aii ou . (T*N, Xu ou ) is complete and convex i.e. the following conditions hold: 

• There exists a compact subset K E T*N with smooth boundary such that X points 
out of K along dK; 

• The vector field X is complete and has no critical point outside K. 
Equivalently, (T*N, Ai; ou ) is complete and convex since there exists an embedding : E x 
[1, oo) — > T*N such that 4>*X = ra^, where r denotes the coordinates on [1, oo) and as is a 
contact form, and such that T*N \ x (1, oo)) is compact. 

Consider now a complete convex exact symplectic manifold (T*N, Ah ou ) and a compact 
subset DT*N C T*N with smooth boundary S := ST*N = dDT*N such that \h ou \ S t*n 
is a positive contact form with a Reeb vector field R. We abbreviate by Jz? := ££t*n = 
C°°(S 1 ,T* N) the free loop space of T*N. A defining Hamiltonian for S is a smooth function 
H : T*N —7- M with regular level set E = iif _1 (0) whose Hamiltonian vector field Xh has 
compact support and agrees with i? along S. Given such a Hamiltonian, the Rabinowitz 
action functional is defined by 

A H ■ JSf x R -»■ M 
A H (x,r)):=[ x*X-r] [ H(x(t))dt. 



JO JO 

Critical points of Ah are solutions of the equations 



d t x(t) = r ) X H (x(t)), t€R/Z\ 
f 1 H(x(t))dt = 0. J 

By the first equation H is constant along x, so the second equation implies H(x(t)) = 0. 



Since Xh = R along E, the equations (3.1) are equivalent to 

d t x(t) = r]R(x(t)), t E M/Z 
EE, t E E/Z. 

So there are three types of critical points i.e. closed Reeb orbits on E: 

• Positively parametrized closed Reeb orbits corresponding to rj > 0; 
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• Negatively parametrized closed Reeb orbits corresponding to r/ < 0; 

• Constant loops on M which corresponding to r] = 0. 

The action of a critical point (x,rj) is Ah(s,t]) = rj. 

A compatible almost complex structure J on part of the symplectization (E x M + , d(ras)) 
of a contact manifold (S, as) is called cylindrical if it satisfies: 

• J maps the Liouville vector field rd r to the Reeb vector field R; 

• J preserves the contact distribution kera^; 

• J is invariant under the Liouville flow (y,r) \— > (y,e r), i£l. 

For a smooth family (J^t&s 1 °f cylindrical almost complex structures on (T*N, Xn ou ) we 
consider the following metric g = gj on Jz? x M. Given a point (x, r)) G J? x K and two tangent 
vectors (£1,771), (x 2 ,t? 2 ) 6 ^^(j&f xl) = r(5 1 , x*T(T*N)) x M the metric is given by 

ff(a:,r;)((^l)^l)) 0^2, ffc)) = / W J t (x(t))x 2 ) dt + fji ■ fj 2 . 

JO 

The gradient of the Rabinowitz action functional Ah with respect to the metric gj at a point 
(x, rj) e ££ x M reads 



-J 4 (x) (<%X - T]X H (x)) 

-JiH(x(t))dt 



Hence the positive gradient flow lines are solutions (x,rj) G C°°(M x S 1 ,T*N) x C°°(IR, M) of 
the partial differential equation 

d s x + J t (x) (d t x - 7]X H (x)) = 
8 s rj + £ H{x{t))dt = 

Then for — 00 < a < 6 < 00 the resulting truncated Floer homology groups 

RFH (a,6) ( S)T *jV) :=HM^(i ff , J), 

corresponding to action values in (a, 6), are well-defined and do not depend on the choice 
of the cylindrical J and the defining Hamiltonian H. The Rabinowitz Floer homology of 
(T,,T*N) is defined as the limit 

RFH*(£,T*A0 := limlimRFHl _a ' b) (S,T*iV), a, b 00. 

a 6 

This definition is equivalent to the original one in [3] by [H Theorem A]. 

Since the Rabinowitz action functional is defined on the full loop space and the first part 
of the differential in the Rabinowitz Floer complex counts topological cylinders, we can split 
the Rabinowitz Floer homology into factors labeled by free homotopy classes 

RFH(£,T*iV)= RFH^(S, T*N), 
ye[S\T*./v] 

where RFH^(S, T*N) is the Rabinowitz Floer homology for the Rabinowitz action functional 
restricted to S£ v = S£%* N . 
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3.1.1. Index and grading convention. Let M be the moduli space of all finite energy gradient 
flow lines of the action functional Ah : -S? x IR — » M. Since Ah is Morse-Bott, every finite 
energy gradient flow line (v, n) G C°°(IR x S 1 , V) x C°°(IR, M) converges exponentially at both 
ends to critical points (v±,rj±) G Crit(„4#) as the flow parameter goes to ±00. The lineariza- 
tion of the gradient flow equation along any path (v,rj) in _£f xM which converges exponentially 
to the critical point of Ah gives rise to a Fredholm operator D^ H v y Let C~ , C + C Ct\X{Ah) 
be the connected component of the critical manifold of Ah containing (v+,r/ + ) re- 

spectively. The local virtual dimension of Ai at a finite energy gradient flow line is defined 
to be 

virdim^.A/f := indD^ + dirnC" + dimC + 

where m&D'^J 1 ^ is the Fredholm index of the Fredholm operator ind-Dj^ 1 ^. For generic 
compatible almost complex structures, the moduli space of finite energy gradient flow lines is 
a manifold and the local virtual dimension of the moduli space at a gradient flow line (v , rj) 
corresponds to the dimension of the connected component of M. containing (v, rf). 

To define a Z-grading on RFH(£,T*iV), we need that the local virtual dimension just 
depends on the asymptotics of the finite energy gradient flow line. Since I Cl = on T*N, it 
can be shown that the local virtual dimension equals 

. . dim + dim C + 
yiTdim^^M = /icz(w+J - Mcz(w-J H ^ • 

In order to deal with the third term it is useful to introduce the following index for the Morse 
function h on CtH(Ah)- We define the signature index ind^(c) of a critical point c of h to be 

1 

ind£(c) := --sign(Hess fc (c)). 
We define a grading n on RFC(S, T*N) = CM(A H , h) by 

M(c) := ^cz(c) +ind£(c) + -. 

These define a Z-grading on the homology RFH(S, T*N). We refer to [3 [10] for more details. 

3.2. Rabinowitz Floer homology for a twisted cotangent bundle. In the previous 
section, we considered an exact symplectic manifold. By the exactness of symplectic form, 
there is no need to care about the filling disk of a given loop. In general, twisted symplectic 
forms are not exact. In order to define Rabinowitz Floer homology, we need the notions of a 
symplectically atoroidal manifold and a virtual restricted contact type hypersurface. 

Definition 3.1. A symplectic manifold (M, u) is called symplectically atoroidal if 

f*u = 0, 



T 2 



for any smooth function / : T 2 — > T*N. 



Remark 3.2. Since there is a surjective map g : T 2 — > S 2 , symplectically atoroidal implies 
symplectically aspherical. 

Lemma 3.3 (Merry [9]). Let a G Q 2 (N) be a weakly exact 2-form and u a ~ 1, then f*a is 
exact for any smooth map / : T 2 — > N. 
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PROOF. Consider G := /*(tti(T 2 )) < tti(N). Then G is amenable, since vri(T 2 ) = I?, which 
is amenable. Now Lemma 5.3 in [11] tells us that since ||#||oo < oo, we can replace 9 by a 
G-invariant primitive 0' of a, which descends to a primitive 0" E ^(T 2 ) of f*a. □ 

Remark 3.4. Given a free homotopy class v E [S , T*N], fix a reference loop t>„ = (q u ,Pu) £ 
■S£%*n- Let -D be a cylinder S 1 x [0, 1] with two boundary components 9'D with the boundary 
orientation and d"D with the opposite boundary orientation. By abuse of notation, let 
v : D —> T*N denote any smooth map such that v\d'D = v an d v\d"D = v v Then thanks to 
the previous lemma, the integral J d v*t*o~ is independent of the choice of v. Similarly given 
any q E -Sf™' let g : -D — > A?" denote any smooth map such that q\d'D = q & n d q\d"D = Qu- 
Then the integral J D q*a is independent of the choice of q. Note that in particular if q = r o v 
then 



q a. 

D JD 

In particular, let a E Q 2 (N) be a weakly exact 2-form satisfying u a ~ 1, then the twisted 
cotangent bundle (T*N,u],j) is a symplectically atoroidal manifold. Moreover, the Rabinowitz 
action functional 

Au a : S£ x R -»■ R 
:= ^,a) CT (w,?7) = / v*uj a -7] H(v(t))dt 

JD JO 

is well-defined, independent of the choice of v. 

Definition 3.5. A closed hypersurface S in a symplectic manifold (M, w) is called virtually 
contact, if there is a covering p : M — > M and a primitive A E 1 (S) of p*u such that 

sup \X X \ < C < oo, inf X(R) > /x > 0, \ 

where | • | is the lifting of a metric on E and i? is the pullback of a vector field generating 
ker(o;|s)- 

Definition 3.6. A closed hypersurface S in a symplectic manifold (M, u) is called virtual 
restricted cont act, if there is a covering p : M — > M and a primitive A E 1 (M) of p*w such 



that A satisfy (3.2) again on E. 



Remark 3.7. A virtual restricted contact homotopy is a smooth homotopy (Et, At) C (M,oj) 
of virtual restricted contact hypersurfaces with the corresponding 1-forms on the covers such 
that the preceding conditions hold with constants C, fi independent of t. RFH(E, M) is defined 
for each virtual restricted contact hypersurface E and is invariant under virtual restricted 
contact homotopies. For a twisted cotangent bundle (T*N, u a ) with any above Mane 

ciritical value c = c(g,a,U) the hypersurface E^ = H^ 1 (k) C T*N is virtual restricted 
contact, see |6]. 

4. Continuation homomorphism in RFH for symplectic deformations 

Let us begin with the defining Hamiltonian H of the virtual restricted contact hypersurface 
E fc C T*N 

H := H UM = & o (H v - k) 
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where, /3^(t) is a smooth cut-off function satisfying < < 1, 

( t if |t|<£-e 
Pt(t) = { £ if t>£ + e , e = min{l/3,£/3}. 
[ -$ if + £ 

Now we define the Rabinowitz action functional given by 

A u „(v,r]) := A H ,^(v,v) = v*u a - n H(v(t))dt, 

J D JO 



where v, D are given in Remark 3.4 



In this section, we consider the canonical cotangent bundle (T*N,ojq) and the twisted 
cotangent bundle (T*N,uj a ) with the virtual restricted contact hypersurface = i/ _1 (0) = 
H^ 1 (k) where k > c(g, a, U) and Hjj(q,p) = + U(q). For convenience, let us define the 
following sets 

m(N) = {a G n 2 (N) \a = d9, < 00}; 

n™(T*N) = {u a G n 2 {T*N) I a G 9Jt(iV)}; 

= {oj a G ft™(T*iV) I k > c(g, a, U)}; 
n™ g (E k ) = {u a G n m {Z k ) I Au a : JSf X R ->■ R is Morse-Bott}. 

Note that is convex and nj^(£ fc ) is dense in Sl m (E k ). 

For a pair (a;o,w CT ) of £^ g (Efc), we construct the continuation homomorphism 

tfjft, : RFH t (E ilWo ) -> RFH*(S fc , W<T ), 

by counting solutions of an s-dependent Rabinowitz Floer equation. Before the construction, 
we must check the Loo-bound of the Lagrange multiplier 77 in the case of a twisted cotangent 
bundle with virtual restricted contact hypersurface. The proof of the following proposition 
proceeds as [3] for the restricted contact type case. It was already used with no explicit proof 
in [6]. For the readers convenience we include a proof here. 

Proposition 4.1. Let (T*N,uj a ) be a twisted cotangent bundle with a virtual restricted contact 
hypersurface = H~ 1 (Q) where k > c. Then there exist constants e > and c < 00 such 
that the following holds 

\\VAu a (v, 77)[| < e ==> \rj\ < c(\Au>p(v, 77)1 + 1). 



Lemma 4.2. Under the same assumptions as in Proposition |4. 1| for (v^if) G Crit(*A^ (T l^oxj 
we have 



where d > 0. 
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Proof. Inserting (3.1) into A UJa and using the assumption of virtual restricted contact type 
|Av(^)l = 



V UJ r 



D 
1 





/ ~* * 
/ V 7T 0J a 




/ v dX a 




[ v*\ a 




Jd 




JD 




Js 1 



r, X a (X^f(v)) 



(4.i; 



> — 
- d 

where v, X^f are lifts of v, X^f respectively to the cover tt : £ — > S. The constant d > 
exists by the second inequality in (3.2). □ 

Proof of Proposition 4.1[ The proof consists of 3 steps. First fix v G [S 1 ,T*N]. 

Step 1 : There exist 5 > and a constant c$ < oo £/ie following property. For every 
(v,rj) G ££ v x R suc/i i/iai t>(i) G Us = H~ 1 (—5,5) for every t G M/Z, i/ie follwing estimate 
holds: 

H < 2c'\A ula (v,r ] )\+cs\\VA UJa (v,r ] )\\ +2c'\a u \. 
Let d as in (4.1). Choose 5 > so small such that 



A CT (x)X^(x)>^7 + <5, xGtt-^Us). 



and 



Q = 2c / ||A CT | 7r -i( l/i5 )|| 00 < oo. (4.2) 

That (4.2) holds for sufficiently small 5 is guaranteed by the first inequality in (3.2). We 
estimate 



\-AjA v >v)\ 



K{v){d t v)- / X a (v v )(dtV v ) —T) / H(v(t))dt 



1 



V ! X a (v)(X^(v))+ I 1 ' K(v){&v-riX% {v))-a v -ri I H(v(t))dt 







> 



W X a (v)(X%(v)) 



X a (v)(d t v-r,X%"{v)) 



7] / H(v(t))dt 



> M (~ + 5 ) - - vx%(v)\\i - \v\s - K| 

where v v G Jzf is a reference loop defined in Remark 3.4 This proves Step 1. 

Step 2 : For each 5 > 0, there exists e = e(5) > such that if \\VAu a (v,r})\\ < e fien 
G C/,5 for every t G [0, 1]. 
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First assume that u G if has the property that there exist tQ,t\ G M/Z such that 
\H(v(t ))\ > 5 and \H(v(tt))\ < 5/2. We claim that 



|VA,„MH > 



2 k 



(4.3) 



for every rj G K, where 



k := max ||Vfi7(x)||. 



To see this, assume without loss of generality that to < ti an d S/2 < \H(v(t))\ < S for all 
t G [to,^i]- Then we estimate 



VAvMII>W/ 11^-^(^)11^ 



> / \\d t v-r,X^(v)\\dt 



> / \\d t v-rjX^(v)\\dt 



to 



> 



K 
1 

> 



[|VfT(«)[|.||^-^(f)||d* 



to 



\{VH{v),d t v- V X%(v))\dt 



to 



> 



> 



> 



> 



tl 



\{VH{v),d t v)\dt 



to 



ti 



to 



to 



\dH(v)d t v\dt 



\d t H{v)\dt 



d t H(v)dt 



> -\H(v(h))-H(v(t ))\ 

K 

>h\H(v(h))\-\H(v(t ))\) 

Ki 



> 



2k' 



Now assume that v G Jzf has the property that v(t) G T*N \ U$/2 for every t G [0, 1]. In this 
case we estimate 



lVA,„(v,T7)ll > 



H(v(t))dt 



> 



(4.4) 



for every rj G K. From (4.3) and (4.4) Step 2 follows with 

_ S 
2 max{l, k} 
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Step 3 : We prove the proposition. Choose 5 as in Step 1, e = e(S) as in Step 2 and 

c = max{2c', 2c 5 e, 4c'|a iy |}. 
Assume that ||V^ CT (v, rj)\\ < e then 

U < 2c'\A^(v,v)\ +c S \\VAu a {v,ri)\\ + 2c'\a l/ \ < c(\A^(v, V )\ + 1). 
This proves the Proposition |4.1| □ 



Remark 4.3. A careful inspectation of the proof of Proposition 4.1 shows that the constant 
c', <5, cs, e(<5), and c continuously depend on the 2-form a G Q?{M). In particular, Proposition 



4.1 can be extended to families of symplectic forms. 



Lemma 4.4 (Linear isoperimetric inequality). Let a G Q 2 (iV) be a weakly exact 2-form and 
u a ~ 1, then 



to < C 



D 



\d t q\dt+l 



where, q, D are the same as in Remark 3.4 and C = C(N, g, a, q v 



Proof. The proof uses the same argument as in Lemma 2.4 Let q : D — > N be th e lif ting of 
q to the universal cover and 9 E Q 1 (iV) be a bounded primitive of a as in Lemma 
we get 



3.3 



Then 



q a 



D 



q cr 



D 



D 



R 



d6 



< 



< 



















+ 




+ 


[ L*0 


+ 


[ r*9 


Jo 




Jo 




Jo 




Jo 



d t q\dt+ / \d t q v \dt+ / \d t r\dt + I \d t r\dt I , 



where R is a rectangle in N which consists of q, q u , r, and f. Here, r : [0, 1] — > N is a path 
from q(0) to q u (0) and r : [0, 1] — > N is a path from (f(l) to (fj,(l). Since f D q*o- does not 
depend on the choice of D, we may assume that r, f are length minimizing curves on N. This 
implies that r, r are geodesies contained in a fundamental domain in N or 

/ \d t r\dt < diam(TV), / \d t f\dt < diam(A f ). 
Jo Jo 

Set C = max | Halloo, 2||6'|| OC) Jp 1 |<9tc/„|(i£, 4||6'|| 00 diam(A^)| then we get the conclusion. □ 



Remark 4.5. Note that C converges to as |<r| 



0. 



Remark 4.6. If we consider the family of symplectic forms on T*N 
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where /3(s) G C°°(M, [0,1]) is a cut-off function satisfying /3(s) = 1 for s > 1, = for 
s < 0, and < /3(s) < 2, then we obtain the estimate 



/ V*UJ S 


< 




Jd 




Jd 



(5(s) 



< C(3(s) 



D 



S 1 



\d t v(t)\dt + l 



for some C = C(N, g, a, q u ) given in Lemma 4.4 



Proposition 4.7. Let w = (10,77) G C°°(M x S^J^iV) x C°°(]R,]R) 5e a gradient flow line of 



Aj(s)(. v ,ri) ■= AH,u s (v,ri) = / v*u} s -r] H{x{i))dt 



D 



i.e. a solution of 



8 S V + J M (u) (fijU - 77X^(7;)) = 
a s r/ + / 1 ^(t))dt = 



(4.5) 



lim w(s) = W- G CritA 



U)(0) ! 



lim u;(s) = U7_|_ G Crit.4, 



w(l)j 



where oo s is same as in Remark 4-6. If \o~\ g is sufficiently small then the L°°-norm of 77 is 
uniformly bounded in terms of a constant which only depends on w- , w+ . 

Proof. We prove the proposition in three steps. 

Stepl : Let us first bound the energy of w in terms of ||?7||oo- 



E(w) 



-00 
00 



\d s w\\1ds 

(d s w,VAu( s ){w)) s ds 

) 

d_ 

, ds 



(4.6) 



We estimate the third term by 



A w [ s )(w)ds. 



< 



—00 
00 



ds 



-00 
00 



D 



ds 



(4.7) 



< / f5{s)C[ / \d t v\ t , s dt + l) ds, 



where C is the isoperimetric constant in Remark 4.6 and | • \t jS is the norm on T*N induced 
by the Riemannian metric uj s (-, Jt,s')- From the gradient flow equation (4.5) we get 

d t v = J t;S (v)d s v + r ) X%°(v). 
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By putting this into (4.7), we then obtain 

/>oo 



< 



< 



— oo 
oo 



— oo 
oo 



\dtv\t, s dt + 1 ) ds 
$(s)C (J \J t , s {v)d s v + V X%(v)\ t , s dt + lj ds 
P(s) C ( [ (\d,v\ tl . + \ V \ \X%(v)\ t , s ) dt + l) ds 



s 1 



<2 



< 



2C Io (X + 1 + H |X ^ W|t ' s ^ dt + *) ds 

<2CE(v)+AC + 2C\\r 1 \\ ooC " 
< 20E(» + 4C + 2C||r/|| 0O c", 
where c" = max sS [o,i] |^jy- s ( u )|t,s- Note that the maximun is attained, since by the assumption 



dH has compact support. Now by substituting the above equation into (4.6), we get 

roc 



E(w) = A uj{1) (w + ) - A;(0)O- 



Aj( s )(w)ds 



(4. 



< A w{1) (w+) - A,(o)(™-) + 2CE(w) + 4C + 2CII7/HOOC" 

By choosing a £ ft 2 (M) with sufficiently small norm, we may assume that the isoperimetric 
constant C is less than |. For simplicity, set A = A u (f\(w+) — Ajfo)^-)? then we get 

E(w) < 2A w{1) (w+) - 2A Lum (w-) + 8C + 4C7||»7]|ooc!" 
= 2A + 8C + 4CII7/HOOC". 

This finishes Stepl. 



(4.9) 



Step2 : Let e be as in Proposition 4.1 and Remark 4.3 For I 6 K let r(l) > be defined 

by 

r(Z) :=inf{r>0: ||VA,w((«,»?)a + r))|| a <e}. 
In this step we bound r(l) in terms of 1 1 ?? [| oo /°?" a ^ ^ £ Namely 




Stepl and the above estimate finish Step2. 

Step3 : We prove the proposition. 
First set 



|-ff||oo = max\H(x)\, K = max{-A w r )(w-),A u m(w + )}. 
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We estimate using Proposition |4.1[ Stepl and Step2. 

"l+r(l) 



\V(1)\<\V(1 + T(l))\ 



<\v(l + r(l))\ 



r)(s)ds 



l+r(l) rl 



H(v(t))dt ds 



< c(|A-w(w(i + r{l)))\ + 1) + ||^||oor(0 



< c K + 



A 



ds + 1 + ||il||oor(0 



< c (if + 2CE{w) + AC + 2C7||r/||ooc" + l) + ||i?| 

< c (if + 4CA + 16C 2 + 8C 2 |M|ooc" + 4C + 2(7117/11000" + l) 



OO n 



+ 



\H\ 



-(2A + 8(7 + 40117/11000") 



8cc"C + 2cc" + 



4c"||H| 



+ cK + AcCA + 16cC 2 + 4cC + c + 2||g| J°° A + 



Since the above estimate holds for all Z € M 

IMloo < X , C||7 7 || 0o + K". 

We can achieve that the isoperimetric constant C satisfies 

C < min{l/4, 1/2K'} 
by choosing a S Q 2 (M) with small norm. This proves the proposition. 



(4.10) 
□ 



Lemma 4.8. Assume that the isoperimetric constant C is sufficiently small, then the follow- 
ing holds true. Suppose that w = (v, rf) £ C°°(R x S 1 , T*N) x C°°(M, R) is a gradient flow line 
of the time dependent gradient VA^^s) which converges asymptotically lim s _>± w(s) = w± to 
critical points of A u) m,A w ro) respectively such that a = A u (o)(w-) and b = A u (i)(w+). Then 
the following assertions meet 

(1) If a> |, then b > § ; 

(2) If b< -§, then a < |. 

Proof. By the previous proposition, we obtained the following uniform bound of rj 

Moo < 2K" 

= 2-cK + 8cCA + 32cC 2 + 8cC + 2c + 4||g| J°° A + 16C1l f l|o ° . 



Moreover, since E(w) > we obtain from (4.9) the inequality 



b > a - AC - 2C\\n\\ 00 c" . 
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By taking a small isoperimetric constant C satisfying 



Ccc" < 



\H\ 



C[2cC+ ) c" < 



C I 1 + 16cc"C 2 + icc"C + cc" + 



8d'C\\H\ 



< 



1 

32' 
1 

128' 
1 

144' 



(4.11) 



we now get 



b> a K- —(b - a) . 

8 16 V ; 36' 



(4.12) 



where K = max{— o, b}. To prove the assertion (1), we first consider the case 

1 



|&|<o, 



a > 



In this case, we estimate 



b > a 



36 



3 1 a 
-a > -. 

4 36 ~ 2 



Hence to prove the assertion (1), it suffices to exclude the case 

1 

-b > a > -. 
~ ~ 9 



But in this case, (4.12) leads to a contradiction in the following way 

11 1 „ 1 1 /, 

b> — I (b -a) > (b - a) > 0. 

- 9 72 16 v ; 36 ~ 16 v ; 

This proves the first assertion. To prove the assertion (2), we set 



b' 



-b. 



We note that if (4.12) holds for a and b, it also holds for b' and a'. Hence we get from the 

1 



assertion (1) the implication 



-b > 



-a > 



9 ~ 2 

which is equivalent to the assertion (2). This finishes the proof of the Lemma. 
Proof of Theorem 11.41 We now construct the continuation homomorphism 
: RFH(S fc ,w = dpAdq) -> RFH(Sj.,u ff = dpAdq + T*a) 
for LOo,u)fj G J2^ g (Efc). Similar as in Theorem 

LO s = UQ + S(UJ 



□ 



we first subdivide 
wo) 



into small pieces. Let {u l }fL be a subdivision of uj s satisfying 

• u* = coo + d(i)r*a, where = d(0) < d(l) < ■ ■ ■ < d(N) = 1; 

• A H ^ : 5? x E ->• E is Morse-Bott, Vi = 0, 1 , . . . , N; 

• C(M, c/, (d(i + 1) - d(i))a, v v ) satisfies (|Oo|>, dCTb, V* = 0, 1, . . . , JV - 1. 
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Let uj % s = uj % + (3(s)(u) t+1 — uj l ) be a homotopy between oj % and u; 4+1 . First we construct the 
following continuation map 

: RFH(£ fe , a/) -> RFH(E,, W t+1 ). 

Since the action functional Ah ^ is Morse-Bott, the construction is given by counting gradient 
flow lines with cascades as in the Morse-Bott homology. Let us choose Morse functions h l on 
Ciit(A H u i) . We then define a map 

^ + \ : RFC*(£ fe ,u/) -> RFC*(Efc,w i+1 ) 

given by 

/Lt(w + )=/i(«J_) 

where u>_ G Crit(/i*), w+ G Crit(/i J+1 ) and #2 denotes the Z2-counting. Here, 
■M^i m {w-, w + ) = {w I w is a flow line with m-cascades from u>_ to 

mGNo 

The main issue of this construction is also the uniform bound of E{w). As in the Morse- 
Bott homology situation, it suffices to check that each gradient flow line has a uniform energy 
bound. For this reason, we now only consider the following uniform energy bound. Let 

w ' = ( v ',n') € C°°(]R x S\T*N) x C7°°(M,]R) 

be a gradient flow line of 

A* («, ^ = J ~vf o H(x(t))dt 

i.e. a solution of 

8 s v + J t , s (v) (d t v - vXh(v)) = 1 
d s r} + ftH(x(t))dt = J 
lim w'(s) = w'_ G Crit^.^, lim w'(s) = w' + G CrrL4, w i+i. 



To achieve a uniform energy bound of w' , let us recall the equation (4.8) in Proposition 4.7 



< A*+i(w'+) -A*(w'-) + 2CE(w') + 4C + 2C\\7] , \\ oc c". 

Since the isoperimetric constant C is less than min{l/4, 1/2K'}, we get the following uniform 
bound of the Lagrangian multiplier 7/ 

Halloo < 2K" 

and 

E(w') < 2A + 8C + 4C||? ? / || 0O c // 
< 2 A + 8C + 8Cc"K", 



where the coefficients are the same as in Proposition 4.7 Hence we conclude E(w') is uni- 
formly bounded. 
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Now, by virtue of Lemma 4.8 we obtain for a < — g and b > g maps 

^(a,b) . RFC (|,6)( Efc>w .) ^ RFC( a 'D(S fc , Wl+1 ) 

defined by counting gradient flow lines of the time dependent Rabinowitz action functional. 
Since the continuation map vJ/^ +1 ( a ' 6 ) commutes with the boundary operators, this induces 
the following homomorphism on homology level. 

^ +1 (a,6) . RFH (f.")(S fe , Wj ) -> RFH( a -f)(S fc ,^ +1 ) 

By taking the inverse and direct limit as follows 

RFH t (E fc ,Wj) = lim lim RFHl a ' 6) (S fc , Wj), 

6— »oo a— >— oo 

we obtain 

: RFH(£fc, Wj) -> RFH(E fc ,u, m ). 

Similar in usual Floer homology, we can define the continuation homomorphism by juxtapo- 
sition 

: RFH(S fe ,^ ) -> RFH(S fc ,o; (J ) 

— AT — 2 — 1 

= ^ . . . ^ ^u; 

WO U*- 1 UJ 1 LO l > 

In a similar way, we can construct 

: RFH(S fc)Wff ) -> RFH(S fc ,u;o), 
by following the homotopy backwards. By a homotopy-of-homotopies argument, we conclude 
=^ d RFH(S fc ,a;o) and = idRPH(E fc ^)- Therefore is an isomorphism 
with inverse \P£J?. □ 

Remark 4.9. In the above proof the linear isoperimetric inequality is crucial. One can easily 
check that the Proof of Theorem 1.4 does not work for u a (t) ^ 1. 
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